In this paper, we provide Laplace transform-based analytical solutions to pricing problems of various occupation-time-related derivatives such as step options, corridor options, and quantile options under Kou's double exponential jump diffusion model. These transforms can be inverted numerically via the Euler Laplace inversion algorithm, and the numerical results illustrate that our pricing methods are accurate and efficient. The analytical solutions can be obtained primarily because we derive the closed-form Laplace transform of the joint distribution of the occupation time and the terminal value of the double exponential jump diffusion process. Beyond financial applications, the mathematical results about occupation times of a jump diffusion process are of more general interest in applied probability. 1. Introduction. Occupation-time-related derivatives are recently introduced products that have been attracting much attention from investors and researchers. A defining characteristic of these contracts is an exercise payoff that depends on the time spent by the underlying asset in a predetermined region. Typically, the specification of the occupation regions involves flat barriers. In that sense, these contracts can be viewed as a generalized type of barrier option.
1. Introduction. Occupation-time-related derivatives are recently introduced products that have been attracting much attention from investors and researchers. A defining characteristic of these contracts is an exercise payoff that depends on the time spent by the underlying asset in a predetermined region. Typically, the specification of the occupation regions involves flat barriers. In that sense, these contracts can be viewed as a generalized type of barrier option.
The payoffs of barrier options are activated or extinguished as soon as the underlying asset prices cross barriers. This discontinuity at the barriers poses an obstacle to the risk management of both option writers and buyers. Take the knock-out barrier option as an illustration. Even if the buyer has a correct view on the overall market trend, an accidental price jump across the barrier can easily wipe out his or her entire investment in the options. Furthermore, as Chesney et al. [6] and Linetsky [21] argued, market manipulators also like to take advantage of the fact that the payoffs are associated with barrier crossing, driving the underlying price to trigger a crossing and profiting from the massive losses of the other party to the transaction.
Several scholars have proposed a series of occupation-time-related options to alleviate the risk management difficulties inherent in barrier options caused by the discontinuity around the barriers. The payoffs now depend not only on the barrier crossing, but also on how long the underlying price spends above or below the barrier. Thus, option buyers can receive or lose value more gradually. One of the most popular examples is the step option suggested by Linetsky [21, 22] . This derivative's payoff is discounted at a rate defined by the occupation time. Under the geometric Brownian motion (GBM) model, Linetsky [22] derived closed-form pricing formulae for various single-barrier step options, and Davydov and Linetsky [11] investigated the pricing of double-barrier step options via Laplace inversion. A second example is the corridor option traded in the foreign exchange and interest rate markets. This option pays an amount at maturity that is associated with the time spent by a reference index, usually an exchange or interest rate, below a given level or inside a band. Fusai [13] priced this derivative under the GBM model by studying the distribution of the time spent by a Brownian motion with drift inside a band. Another important type of occupation-time-related option is the quantile option, which Miura [24] suggested as an alternative to the standard barrier option. A quantile is the minimum barrier to ensure that the fraction of the occupation time during the lifetime of the option exceeds a given level. Dassios [9] provided a formula for the quantile distribution of a Brownian motion with drift, as did Embrechts et al. [12] and Yor [29] . Akahori [2] and Dassios [9] calculated the prices of -quantile options for the GBM model. Kwok and Lau [19] developed a pricing algorithm for quantile options based on the forward shooting grid method under the GBM model. Leung and Kwok [20] derived the distribution functions of occupation times under the constant elasticity of variance (CEV) process. Using an identity on quantiles of the processes with stationary and independent increments developed by Dassios [10] , Cai [4] priced both the fixed-and floating-strike quantile options numerically by applying Laplace inversion twice under a hyper-exponential jump diffusion model.
In reality, many occupation-time-related options are based on a discrete time monitoring. In other words, such derivatives specify a series of reference dates. The occupation time is defined through the portion of monitoring dates in which the underlying price is below or above some level or between two levels. Some research is devoted to the study of such kind of options. However, the common feature of such research is that the underlying asset price is assumed to follow a GBM model. For instance, Atkinson and Fusai [3] studied discrete quantile options using the Spitzer identity of Brownian motions; Fusai and Tagliani [14] applied some numerical methods of PDEs to price discrete corridor options; and Davydov and Linetsky [11] considered step options under the discrete monitoring scheme.
In this article, we investigate the pricing and hedging problems of occupation-time-related options under Kou's double exponential jump diffusion model (Kou [16] ). The model assumes the underlying asset return follows a jump diffusion process with Poisson jump intensity and double exponentially distributed jump sizes. It is appealing in two respects. The associated asset returns have heavier tails than normal distributions and hence the model is capable of generating the asymmetric leptokurtic feature for asset returns and volatility smiles for equity options, matching the empirical data better than the GBM model. The model also yields analytical solutions to many pricing problems, including both European and path-dependent derivatives, in terms of Laplace transforms. By applying numerical inversion algorithms we can easily obtain the prices.
The main result of this article is to derive the Laplace transform of the distribution of occupation times regarding one barrier under Kou's model, which enables us to calculate the prices of various related options such as step options, corridor options, and quantile options. It turns out that the Laplace transform solves a partial integro-differential equation (PIDE). We manage to reduce the equation to an ordinary integro-differential equation (OIDE) using an integral transform. Note that derivatives of exponential functions are still exponential. Then we can transform the OIDE into an ordinary differential equation (ODE) and rigorously show the existence and uniqueness of the solution to the OIDE. This article contributes to the literature of occupation-time-related options by generalizing the formulae for the GBM model to a model with discontinuous sample paths. It is simple to recover all of the classical results obtained with the GBM model from ours by letting the jump intensity be zero. The closed-form expressions of the Laplace transforms of the option prices also facilitate the calculation of price sensitivities in relation with market variables and model parameters. As shown in §4, not much extra effort is needed to obtain deltas, the price sensitivity with respect to the change of the underlying price. Such sensitivities play a vital role in risk management of derivatives, and traders can use it to rebalance the portfolio accordingly to achieve a desired exposure. In addition, our PIDE-OIDE approach can easily be extended to derive a closed-form solution for the Laplace transform of the distribution of occupation times spent within two barriers (a corridor).
Beyond financial settings, we should emphasize that the mathematical results about occupation times of a jump diffusion process may find potential applications in other branches of applied probability. One candidate case we can think of is in queuing theory. When service times or interarrival times have heavy-tailed distributions, heavy-traffic limits for the queue-length process usually are given by jump diffusions (see Whitt [28] , Chapter 6). The results presented in this paper may be of interest to those who want to study the occupation time above or below single level or between two levels for a heavy-traffic queue. The literature accumulates some progress in this direction. For instance, Cohen and Hooghiemstra [8] discussed occupation times of Brownian excursions, a special kind of diffusions, and their link with the M/M/1 queue. We hope that our results may stimulate further investigation in jump-diffusion settings.
The organization of this article is as follows. Section 2 introduces Kou's model and some of its elementary properties. Section 3 demonstrates how to solve the PIDE to obtain the Laplace transform of the distribution of the occupation times. Section 4 applies the results of §3 to pricing various derivatives including step options, corridor options, and quantile options. Numerical results are given in §5. Appendices A-C are included to deal with some technical issues that arise in the body of the text, and Appendix D discusses the extension of our approach to the occupation times in a corridor.
2. Kou's model and its basic properties. Consider a market consisting of three securities only: a risk-free bond, a stock, and an occupation-time-related option contingent upon the stock. The bond offers investors risk free interest rate r. In Kou's double exponential jump diffusion model (DEM), the stock price under the physical probability measure is governed by the following dynamic,
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where and are constants, W t t ≥ 0 is a standard Brownian motion, N t t ≥ 0 is a Poisson process with arrival rate , and
is a sequence of independent identically distributed (i.i.d.) random variables. According to the model, the instantaneous asset return rate is subject to the effects of three factors: a deterministic trend , small fluctuations described by the Brownian motion, and large market shocks captured by the Poisson-arrival jump part. To make the model more mathematically tractable, we further assume that Y i = log V i follows a double exponential distribution, the probability density function (pdf) of which is
where > 1, > 0, p ≥ 0, q ≥ 0, and p + q = 1. In other words, there are two types of jumps in the process: upward jumps with occurrence probability p and average jump size 1/ , and downward jumps with occurrence probability q and average jump size 1/ . Both types of jumps are exponentially distributed. We also assume that W t t ≥ 0 , N t t ≥ 0 , and Y i i = 1 2 are independent. This model, proposed by Kou [16] and Kou and Wang [17, 18] , is known as the double exponential jump diffusion model in the financial engineering literature.
We need to work on a risk-neutral probability measure to calculate the option price. However, that measure is not unique because of the jump diffusion assumption. Following Lucas [23] , Naik and Lee [25] , and Kou [16] showed that there is a particular probability measure P * so that the equilibrium price of an option is given by the expectation under this measure of the discounted option payoff if we consider a representative agent economy with a hyperbolic absolute risk aversion (HARA)-type utility function. We point out that our argument will work under any equivalent martingale measure that preserves the model structure, particularly the exponential type of the jumps. Under this risk-neutral probability measure P * , S t follows another double exponential jump diffusion model. More specifically, S t obeys 
are also independent under P * . As we are only interested in option pricing, the difference between the physical and risk-neutral probability measures plays no role. From now on we drop the superscript * , with the understanding that all of the processes and parameters in the subsequent discussions are under P * . Let X t be the log-return of the asset, i.e., X t = log S t /S 0 . By Itô's formula (cf. Protter [27] , Theorem II. 32, p. 78), one can easily obtain
where is the mean percentage jump size
An additional requirement > 1 is needed to ensure that E V 1 = E e Y 1 < and E e X t < ; this essentially means that the average upward jump cannot exceed 100%, which is quite reasonable in the reality of stock markets. For notational simplicity, denote¯ = r − 1 2 2 − . Mathematically, the double exponential jump diffusion process (1) is a special Lévy processes because it has stationary and independent increments. Its Lévy exponent is defined as
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Consider an algebraic equation G x = r + a for any given a > −r. It is easy to show that all four roots of the equation are real numbers (cf. Lemma 2.1, Kou and Wang [17] ). Denote them by 1 a , 2 a , − 1 a , − 2 a . These roots satisfy
We will use these roots frequently when we derive the distributions of occupation times of (1) in §3. Explicit formulae for the four roots are also presented in Appendix A for reference. Another important tool to establish the key results of the article is the infinitesimal generator of X t . Note that X t is a Markovian process and its infinitesimal generator is given by
for any twice continuously differentiable function u.
3. Distribution of the occupation times. In this section, we will present the main results of the article-the Laplace transforms of the distributions of occupation times of the double exponential jump diffusion process X t given by (1) . Once it is known, in principle we are able to calculate any option prices related with occupation times. Consider a constant barrier h and let t denote the occupation time the log-return process X t spends below h until t, i.e.,
An occupation-time-related option with maturity T usually has a payoff associated with T and X T . Suppose it is given by f T X T for a general function f . Then pricing the option is equivalent to evaluating the following discounted expected payoff
under the risk-neutral probability. This section is devoted to the calculation of the expectation. Before jumping into mathematical details, we would like to motivate readers by the intuition behind the scenes first. If the joint probability distribution of t X t is available explicitly for all t, the expectation in (5) is obtainable by numerically integrating
where F ds dy T x = P T ∈ ds X T ∈ dy X 0 = x . So our pricing strategy starts from finding a closedform expression for the distribution F ds dy T x . The Laplace transform is a powerful tool in characterizing probability distributions. We can invert the transforms to recover distributions easily, either using transform tables when possible or resorting to other numerical methods. For any > 0 and ∈ , define V t x as the Laplace transform of F ds dy t x with respect to s and y, i.e.,
As mentioned in the introduction section, V can be determined by the solution of a PIDE for any fixed pair of and . A heuristic approach is now presented to obtain the equation and a much more rigorous treatment is deferred to Theorem 3.2 below. Choose a short time duration . Then t can be decomposed into two parts, the contribution of 1 X u ≤h prior to and the contribution after :
By the Markovian property and the Lévy properties of X t we have
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If applying the Taylor expansion on V t − X ,
Note that e x ≈ 1 + x + o x . Hence, (6) can be rewritten approximately as
Divide both sides of (7) by and take it to zero. The left-hand side converges to − V t x , thanks to (3), the definition of the infinitesimal generator . The right-hand side converges to
In addition, we also know one boundary condition for the function V such that V 0 x = e x . In summary, V should solve the following PIDE with Cauchy boundary condition 
for constants C 1 > 0 and 0 < C 2 < min . Then V admits the following stochastic representation:
And such a solution is unique.
Proof. Introduce v t x = V T − t x for any t ∈ 0 T . Following the arguments leading to the Feynman-Kac formula (cf. Theorem 4.4.2, Karatzas and Shreve [15] ), we attempt to apply Itô's formula on v t X t exp − t 0 1 X s ≤h ds to calculate its expectation. However the irregularity of v t · at barrier h forbids us from doing so directly. From Lemma B.1 in Appendix B we know that there exists a series of functions v n t x n = 1 2 such that 1 v n t x converges to v t x as n → for any t x ∈ 0 T × ; 2 v n t x is of class C 1 2 in 0 T × for any n; 3 v n t x ≡ v t x for any t x ∈ 0 T × − h ∪ h + 1/n ; and 4 for any t x ∈ 0 T × h h + 1/n and any n ∈ , max v n t x , v n t x / t , v n t x / x , 2 v n t x / x 2 ≤ M, where M is a positive constant independent of t, x, and n. Define e n t x = v n t t x − 1 x≤h v n t x + v n t x
According to the construction of v n t x and (9), some routine algebra manipulation will yield that there exist positive constants M 1 and M 2 , independent of n, t, and x, such that
and e n t x ≤ M 2 < + for t x ∈ 0 T × h h + 1 n (12) INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Now we are able to apply Itô's formula to v n t + X e − 0 1 X s ≤h ds because v n is twice differentiable on the whole real line with respect to x. Let T m = inf t ∈ 0 T X t ≥ m for any m ∈ . Itô's formula for jump diffusions (cf. Protter [27] , Theorem II. 32, p. 78) implies that
is a local martingale for any fixed t ∈ 0 T , m, n ∈ , and 0 ≤ ≤ T − t. In other words, there should be a nondecreasing sequence of stopping times k k = 1 2 such that P lim k→+ k = + = 1 and MG n m ∧ k ∈ 0 T − t is a true martingale. It follows that for any 0 ≤ s < ≤ T − t, we have
Fix n ∈ and a sufficiently large m such that m > h +1. We intend to show that MG n m ∈ 0 T − t is actually a true martingale. It suffices to show that sup ∈ 0 T −t MG n m is integrable. Indeed, if this is true, we can apply the dominated convergence theorem on (13) . Letting k → + will yield
is a martingale. Fortunately, the integrability of sup ∈ 0 T −t MG n m is implied by the observation that the two terms in the expression of MG n m can be bounded as follows. For the second term, we can show that
where the second inequality holds due to (11) and (12) . For the first term, it is easy to see that exp − ∧T m 0 1 X s ≤h ds is always bounded by one. Thus,
By (9), its absolute value is bounded by
Now we intend to show E v t + T m X T m < + . On the one hand, some calculation illustrates that
On the other hand, we also have
Actually, notice that e C 2 max 0≤s≤T W s ≤ Z + Z − , where 
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where x is the cumulative normal distribution function. According to Minkowski's integral inequality, we can obtain that
Then (17) is proved.
From (16) and (17), we then have E v t + T m X T m < + . Therefore, the right-hand side of (15) will be bounded by
Note that the right-hand side of this inequality has nothing to do with . It follows that sup ∈ 0 T −t v n t + ∧ T m X ∧T m is integrable. Combining with (14), we have already shown that sup
In other words,
Let n go to + in (18) . The left-hand side converges to v. Meanwhile, (14) and (15) allow us to apply the dominated convergence theorem on the right-hand side. Note that the second term on the right-hand side of (18) goes to zero. After taking the limit, (18) becomes
Note that the term inside the expectation of (19) is bounded by
and the right-hand side can be shown to be integrable. We may be able to apply the dominated convergence theorem again on (19) to get the limit as m goes to + . It follows that 
The right-hand side is equal to E e
Because t is arbitrary, the proof is completed. Equation (8) is a PIDE with a Cauchy boundary, noting that involves both differential and integral operators. We intend to use the Laplace transform once again to convert it into an OIDE, which is much easier to solve. Consider the first equation in (8) . Introduce the following Laplace transform on the (discounted) value of V :
for a sufficiently large positive a. Routine calculation shows that u must satisfy
Thus, we have successfully removed the partial derivative in (8) . For a general jump density f Y , it could still be very difficult to solve (20) for a closed-form solution. However, when f Y is a double exponential density, (20) is solvable explicitly. We summarize the solution in the following theorem. INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Theorem 3.2. For any 0 ≤ < min , > 0 and
where
with
Proof. Fix constants , , a, and h. Define
Then the nonhomogenous OIDE (20) can be rewritten as two separate equations in the regions − h and h + . For x < h,
and for x > h,
We claim that the solution u 1 x and u 2 x must be of the following form
x >h (30) INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
where 1 , 2 , 1 , 2 , c 1 , and c 2 are constants to be determined. Indeed, for Equation (29) , under a change of variable z = x + y, it is transformed further to
Our purpose is to remove the three integrals in (31), one by one, to reduce the OIDE to an ODE in order to make use of the theory of ODEs to solve the equation completely and to show the uniqueness of the solution at the same time. First, any solution to (31) must have the third-order derivative. This point is easily seen from the right-hand side of (31) because all terms are differentiable and so is u x . Multiplying both sides of (31) 
From (32), u should also be fourth-order differentiable. Hence, we can take a similar step to remove the integral in (32) to obtain a nonhomogeneous ODE with constant coefficients as follows:
On one hand, it is easy to see that c 2 e x is a particular solution to the ODE (33) for a constant c 2 . On the other hand, the characteristic equation of the corresponding homogeneous ODE turns to be G y − a − r y + y − = 0 which has four real roots as mentioned in §2. Therefore, any solution to (33) can be expressed as
for any x > h with¯ 1 ,¯ 2 , 1 , 2 , and c 2 undetermined. Furthermore, we can argue that the first two coefficients¯ 1 and¯ 2 should be zero. In fact, we know that
where the last equality is because of the Lévy property of X. The right-hand side of the above equality is less than
Thus, lim x→+ u 2 x /e x < + . Note 2 a > 1 a > , which implies¯ 1 and¯ 2 must be zero. Consequently, any solution to the OIDE in (29) can be expressed as
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with c 2 , 1 , and 2 to be determined. Similarly, we also can show any solution to the first OIDE in (28) is expressed as
for x < h with c 1 , 1 , and 2 to be determined. Now we need six equations to determine these coefficients. Substituting u 1 x u 2 x into (28-29) yields that for any x < h,
and for any x > h,
Therefore, u is a solution if and only if the coefficients 1 , 2 , 1 , 2 , c 1 , and c 2 satisfy the following four equations:
In addition, we can also obtain another two equations from the fact that u x is continuously differentiable at barrier h:
All of these equations are linear with respect to the undetermined parameters. To solve them, first we can easily obtain that
Substituting these two into the above linear system will reduce it further to
with c
Appendix C shows that the matrix A is nonsingular and the coefficients defined by (22)- (25) solve the linear Equations (34).
We also can extend the above approach to derive the distribution of occupation times the process spends within two barriers. A minor technical gap remains. All detailed discussion is included in Appendix D. INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Remark 3.1. The key step in the whole proof lies in (31). The assumption of exponential-type jump distributions in Kou's model allows us to differentiate the OIDE in order to transform the OIDE to an ODE. It seems that our method does not apply for any jump distribution other than exponential-type distributions. For instance, this transformation will not be workable for Merton's jump diffusion model. Remark 3.2. Cai and Kou [5] studied a similar OIDE under a more general hyper-exponential jump diffusion model as follows:
whereā > 0 andḡ x is a known function. By transforming (35) into a homogeneous linear ODE with constant coefficients, Cai and Kou managed to show that the solution to (35) must be of the form
Despite the similarity, (8) is much more complicated because it is nonhomogeneous and furthermore it contains two OIDEs in two disjoint regions that are intertwined together due to the integral parts. We are still able to reduce it down to a linear ODE, applying the same technique as in Cai and Kou [5] after some modification. Remark 3.3. Note that several structured products issued on the real financial market have a payoff written on the occupation time, but with an interest rate or a spread of swap rates with different maturities as underlying. These underlying processes are usually of mean reversion structure. However, our approach would be hard to extend to the mean reversion jump diffusion cases. The primary technical barrier lies in the fact that the corresponding OIDE, in which the coefficient of the first derivative is not a constant but a linear function of state variable, is difficult to solve explicitly.
Pricing occupation-time-related options.
In this section, several examples of occupation-time-related options accumulated in the literature are considered, including the step options suggested by Linetsky [21] , the corridor options studied by Fusai [13] , and the quantile options proposed by Miura [24] . Thanks to Theorem 3.2 and the special structures of these options, we can obtain closed-form expressions for the option prices in terms of their Laplace transforms and then make it possible to suggest hedging strategies accordingly. Furthermore, we are also able to calculate the price sensitivities very easily from the Laplace transforms, which is convenient for risk management on the options. This section uses delta as an example. The calculation of other Greeks is similar and thus omitted due to the space limitation.
From now on, we assume that L is the constant barrier to define the occupation times. Define h = log L/S 0 as the associated barrier for the log-return process X t .
4.1. Pricing step options. As mentioned in the introduction, Linetsky [22] introduced the step option to overcome the hedging problem inherent in standard barrier options around the barrier. For down-and-out step call options, the payoff at maturity is defined as the payoff of a standard European call option discounted at a rate that depends on the amount of time spent by the underlying asset below a prespecified barrier. We can classify these options into proportional step options, simple step options, and delayed barrier options according to different discounting schemes used.
4.1.1. Proportional (geometric) step options. In this section, we focus on pricing a proportional step call option, which has the payoff e
where is the nonnegative knock-out rate, S 0 is the initial underlying asset price, X T is the log-return value of the underlying asset price at maturity T , and T h is the occupation time as defined in (4). The pricing method also applies to proportional step put options. In some sense the proportional step option can be regarded as an extension of the standard barrier option and the vanilla European option. With a finite positive knock-out rate , it is obvious that
where h is defined as the first passage time of X t to the barrier h, i.e., h = inf t ≥ 0 X t ≤ h . The payoff of the proportional step call option is sandwiched by the payoff of the vanilla European call on the right-hand side of (36) and the payoff of the down-and-out barrier call on the left-hand side of (36). When = 0, the payoff INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
of the step option coincides with that of the vanilla call. As approaches + , it tends to the payoff of the down-and-out barrier call. Additionally, (36) also reveals one advantage of the step option over the standard barrier option. The downand-out barrier call eliminates the payoff to the investor immediately if the underlying process X t touches the barrier h at or before T , i.e., 1 h >T = 0. However, the payoff of the step option does not disappear when X crosses the boundary. Investors still receive a portion of the original payoff discounted depending upon the length of the period that X t spends below h. This mollifies the discontinuity of the barrier options around h, which eases the difficulty of risk management on barrier options to some degree. We have discussed it briefly in the introduction section and Linetsky [22] has offered more details.
Under the risk-neutral probability measure, the proportional step call option price is
Make a change of variable = − log K for the convenience of later applying Laplace transforms. Then, we have
Taking double Laplace transforms on the price function C 1 T with respect to and T , respectively, and applying the Fubini theorem to interchange the order of the expectation and the integral with respect to , we obtain
Using Theorem 3.2, we can derive an explicit closed-form expression for the double Laplace transform above. T is
where u x a h is given by Theorem 3.2.
The delta of an option is defined as the derivative of the option price with respect to the current underlying price S 0 . Taking differentiation under the integral (37), we can easily see that
Accordingly, the transform of the delta is just the derivative of the transform of the price function with respect to S 0 . Hence, the delta of the step option is also obtainable through the Laplace transform.
4.1.2. Simple (arithmetic) step options and delayed barrier options. In addition to the proportional step options, Linetsky [21] also discussed two other kinds of step options, simple (arithmetic) step options and delayed barrier options. Laplace transform techniques can also lead to analytical solutions to pricing problems of these two step options.
The simple step option uses a discounting scheme that is different from what is used for the proportional step option. The payoff of a simple step call option is defined as
With a positive knock-out rate 1/ , investors will lose the option payoff gradually until the occupation time accumulates up to , when they will lose all of the value. This is a major difference from the proportional step option, where investors will never lose the entire option value. It is simple to convert the pricing problem of simple step options into that of the proportional step options we discussed in §4.1.1 via Laplace transform. Note that for any > 0,
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The right-hand side of the formula above is calculable via double Laplace inversion. Thus, we can essentially apply triple Laplace inversion to obtain C 2 , The numerical experiment in §5 indicates that the computation is still very efficient. The delayed barrier option poses an alternative discount factor 1 T h < on the payoff of the vanilla European call. Hence, the option value is wiped out completely if and only if T h > . We can also convert the associated pricing problem into that of a proportional option formulation by taking a Laplace transform with respect to :
Hence, triple Laplace inversion can also be applied to price delayed barrier options numerically.
Pricing corridor options.
The corridor option is another example of occupation-time-related options. It pays an amount at the maturity, dependent upon the time spent by a reference market variable below (or above) a given barrier or inside an interval. The former option, i.e., the corridor option with single barrier, is usually referred to as the hurdle option. In this subsection, we will concentrate on hurdle options only. Corridor options with double barriers can be priced similarly. For details, see Appendix D. It is worth mentioning that Fusai [13] studied the pricing of corridor options with double barriers under the GBM model. His approach relied on the special properties of Brownian motion.
A corridor option with single barrier has the payoff max T h − K 0 for a given strike K < T , and its price at time zero is thus given by
We need the expectation of T h to proceed the price calculation. A nice property of the Laplace transform of a probability distribution is that we can obtain any order moments of the distribution through the derivatives of its Laplace transform at zero. Keeping this property in mind and using the notations in Theorem 3.2, we have 
Proof. Applying the Fubini theorem to interchange the order of expectation and integrals in g cor , we have
The integral in the second term on the right-hand side above can be represented by u 0 0 a h . In addition, we know from (38) that the integral in the first term is u 0 0 a h / . The theorem is proved. What is interesting here is that we can also obtain a closed-form expression for u/ , which is convenient when calculating g cor .
Proposition 4.1. For any a > 0, we have
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Letting x = = = 0 and noting that 1 0 = 2 0 = 0 (cf. (22), (23), and (26)), we obtain that when
Note c = In other words, we can obtain c / = 0 0 , i.e., the partial derivatives of at 0 0 by solving the above equations. Then substituting the result back into (42) and (43) yields (40) immediately, which completes the proof.
Pricing quantile options.
Miura [24] introduced -quantile options as an extension of lookback options. Its payoff depends on the -quantile of the underlying asset price process, which is defined as
Following Dassios [9] , we will investigate the pricing of the fixed-strike -quantile call option with payoff S 0 e q T − K + . It is worth mentioning that when = 0 and = 1, q T is the running maximum of X t over 0 T so that the quantile option is reduced to the lookback option. Plugging this into (47), routine calculation will complete the proof. INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Additional information, including rights and permission policies, is available at http://journals.informs.org/. Remark 4.1. Cai [4] developed a method to price both the fixed-and floating-strike quantile options numerically using Laplace inversion twice under a more general hyper-exponential jump diffusion model. Our method improves the efficiency because it requires inversion only once. His method can also be used to price floatingstrike quantile options under a more general jump diffusion model.
Numerical results.
In this section we present numerical results of the option's prices and hedging parameters. For numerical pricing and hedging of options via Laplace inversion, we use the analytical formulae in §4 and the multidimensional Euler inversion algorithm, which was introduced by Choudhury et al. [7] and was extended to the two-sided case by Petrella [26] .
Proportional step options.
We use the modified two-sided Euler inversion algorithm of Petrella [26] to invert the two-sided Laplace transform with respect to for the proportional step option. This algorithm is faster and more stable numerically than the original Euler inversion when dealing with two-sided transforms, due to the introduction of a scaling factor. The numerical results for the proportional step option prices (denoted by EI price) are given in Table 1 , where we also show the Monte Carlo simulation results (denoted by MC value) as Notes. When → 0, both of the prices and deltas converge to those under the GBM model. The parameters we use are the same as the setting in Table 5 .3 of Linetsky [22] : r = 0 05, = 0 6, L = 95, S 0 = 100, K = 100, and t = 0 5. The jump parameters are = 30, = 20, and p = q = 0 5. When = 0, our results are the same as Linetsky's.
a benchmark together with the associated 95% confidence intervals (denoted by 95% CI). The numerical prices are given at the top and the delta values are given at the bottom. We can see that all the EI prices stay within the 95% confidence intervals of the associated MC values. The pricing method based on our analytical pricing formulae as well as the Euler inversion algorithm is accurate and efficient. As approaches zero, the double exponential jump diffusion model will converge to a geometric Brownian motion. Therefore, we can expect both the price and delta of occupation-time-related options under the DEM should also converge to those under the GBM. Table 2 verifies this intuition. Furthermore, it shows that our numerical method works for GBM as well because it replicates Linesky's result when we take = 0. Notes. For the simple step and delayed barrier options, the default parameter choices are = 3, r = 0 05, = 30, = 20, p = q = 0 5, L = 102, = 0 5, and t = 1. For the corridor options with single barrier, the default parameter choices are = 3, r = 0 05, = 30, = 20, p = q = 0 5, L = 102, and t = 1. For the quantile options, the default parameter choices are = 3, r = 0 05, = 34, = 34, p = 0 6, q = 0 4, S 0 = 100, = 1, and t = 1. All Monte Carlo values (denoted by MC value) along with the associated standard errors (denoted by std. err.) are obtained using 50,000 time steps and simulating 100,000 sample paths. The CPU time of our numerical methods for generating one price of simple step or delayed barrier options, corridor options, and quantile options is around 2 minutes, 3 seconds and 3 seconds, respectively. The CPU time for Monte Carlo simulation is around 22 minutes for the quantile options and around 10 minutes for the other three type of options. The table indicates that all the EI prices stay within the 95% confidence intervals of the associated MC values.
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5.2. Simple step, delayed barrier, corridor, and quantile options. The numerical prices and delta values of other occupation-time-related options, including simple step, delayed barrier, corridor, and quantile options, are given in Tables 3 and 4. For the pricing and hedging of the simple step and the delayed barrier options, we need to do triple Laplace inversions. First, we use a two-dimensional Euler inversion formula for the complex-valued function (Formula (2.7) in Choudhury et al. [7] with l 1 = l 2 = 1) and then we do an extra one-dimensional Euler inversion (Formula (4.6) in Abate and Whitt [1] ). Our results show that the average time spent by one triple Laplace inversion is Monte Carlo values for simple step and delayed barrier options (for corridor and quantile options, respectively) along with the associated standard errors (denoted by std. err.) are obtained by using 100,000 time steps (20,000 time steps, respectively) and simulating 100,000 sample paths. The CPU time of our numerical methods for generating one price of simple step or delayed barrier options, corridor options and quantile options is around 100 seconds and 3 seconds, respectively. The CPU time for Monte Carlo simulation is around 25, 25, 4.3, and 9 minutes for the simple step, delayed barrier, corridor, and quantile options, respectively. The table indicates that all the EI values stay within the 95% confidence intervals of the associated MC values.
Additional information, including rights and permission policies, is available at http://journals.informs.org/. Note. The relative difference is defined as (discrete price − continuous price)/continuous price. The default parameters of the underlying process are r = 0 05, = 0 2, = 3, = = 15, and p = q = 0 5. Consider a proportional step option with the parameters L = 102, K = 100, = 1, and t = 1. The occupation time refers to the time the underlying price spends under L = 102. And we use 100,000 sample paths to simulate the discrete prices.
around two minutes, which is still very efficient compared to the Monte Carlo simulation. For the numerical results of corridor and quantile option prices, it suffices to use a two-dimensional Euler inversion algorithm. Our method is more efficient than Cai's method (Cai [4] ).
Discretization frequency effect.
Our EI price is given under an assumption that the underlying price is continuously monitored. However, in reality a sizable portion of contracts specify fixed reference times for monitoring and the occupation time is defined according to the number of the monitoring dates in which the underlying price is above or below some level or within a band. This may introduce substantial differences between the two monitoring schemes. Some scholars have already studied the effect of discretization frequency on the pricing of occupation-time-related options under GBM models. The main literature includes Atkinson and Fusai [3] , Davydov and Linetsky [11] , and Fusai and Tagliani [14] .
In this subsection, we aim to investigate how the discretization frequency will affect the pricing results under the double exponential jump diffusions. Table 5 and Figure 1 compare our continuous-time outcomes in one proportional step option example with the prices under discrete time monitoring, which are obtained through Monte Carlo simulation, for various initial underlying prices. The monitoring frequencies we use are monthly, biweekly, weekly and daily. That is, the time horizon, one year, is divided into 12, 26, 52, and 252 subintervals, respectively. For discrete monitoring contracts, define the occupation time as follows:
where 0 = t 0 < · · · < t N = T are the reference dates. INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Additional information, including rights and permission policies, is available at http://journals.informs.org/. Note. The relative difference is defined as (discrete delta−continuous delta)/continuous delta. The default parameters of the underlying process are r = 0 05, = 0 2, = 3, = = 15, and p = q = 0 5. Consider a proportional step option with the parameters L = 102, K = 100, = 1, and t = 1. The occupation time refers to the time the underlying price spends under L = 102. And we use 100,000 sample paths to simulate the discrete deltas.
It is clear to see that the relative differences between the two schemes reduce significantly when the discretization becomes more frequent. Therefore, the continuous results should be a good approximation to those contracts under frequent monitoring (say, daily or weekly). However, we should admit that significant differences exist (e.g., more than 9% for S 0 = 105 in the case of monthly monitoring) between the continuous-time scheme and the less-frequent discrete monitoring. It will then be important to distinguish these two under this scenario.
A similar convergence can be observed for the delta too. As the discretization becomes finer and finer, the deltas under discrete monitoring will converge to the delta under continuous monitoring. Table 6 and Figure 2 demonstrate the related numerical experiments.
5.4. Robustness of our pricing algorithm. We point out that our Laplace inversion-based pricing algorithm is robust. As illustrated in Figure 3 , our pricing algorithm retains its accuracy when some model parameters vary within realistic ranges. More precisely, when ( and p, respectively) changes in 15 100 ( 15 100 and 0 1 , respectively), the relative errors between our numerical prices and MC prices are all less than 0.3%. These ranges cover most cases in reality. For example, ∈ 15 100 and ∈ 15 100 mean that the expected upward and downward jump sizes of return are between 1% and 6.67%. Note that the minimum and maximum daily returns of S&P 500 from Aug. 1, 2007 to Oct. 26, 2009 (during the ongoing financial crisis) are −4.76% and 4.11%, respectively. Absolute values of them are both smaller than 6.67%. Consequently, we draw the conclusion that our pricing algorithm is robust and thus reliable. INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Additional information, including rights and permission policies, is available at http://journals.informs.org/. solutions to these pricing problems, which can be inverted numerically via the Euler Laplace inversion algorithm. The numerical results indicate that our pricing formulae are both accurate and efficient. 
then the linear equations
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Appendix D. Occupation times with double barriers. Our Euler inversion-based approach can be extended to cover the occupation time that the underlying process spends inside two flat barriers, i.e., a corridor with double barriers. There is one minor technical difficulty remaining: we cannot show nonsingularity of an 8 × 8 matrix rigorously, which we believe is true. Note that numerical experiments demonstrate that the matrix should be invertible. Moreover, it turns out that this does not affect the validity of our numerical methods for pricing occupation-time-related options. In this subsection, we first present the closed-form Laplace transform of the joint distribution of the occupation time with double barriers and the log-return of the underlying at the maturity. Then this result is applied to price corridor options with double barriers, and numerical results are provided in Table D. 1. To price other options related to occupation times with two barriers, readers may mimic the arguments in §4.
Consider two barriers h and H with h < H and let h H denote the occupation times spent between the lower barrier h and the upper barrier H until the maturity T , that is,
Given any 0 ≤ < min and > 0, our objective is to compute the following Laplace transform of h H and X T :
Following similar derivation as in INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s). Additional information, including rights and permission policies, is available at http://journals.informs.org/.
Similarly as in the case of occupation times with single barrier, we can transform the PIDE (D2) into an OIDE. Some algebra can yield the closed-form solution forũ as follows It seems difficult to show the nonsingularity of B. However, numerical experiments indicate that it should be nonsingular. Moreover, it turns out that our pricing methods for occupation-time-related options based on the Laplace transform result of the joint distribution of X T and h H are still valid. Here we shall price corridor options with double barriers to illustrate the effectiveness of our pricing method. Because of similarities, pricing of other options related to occupation times with two barriers is omitted. Consider a corridor call option with double barriers, whose price is given by Cor K T = e −rT E max log l/S 0 log L/S 0 − K 0 INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
where l and L (l < L) are two barriers of the underlying asset price process S t that starts from S 0 . Mimicking the proofs of Table D .1, where we can see that all the numerical prices obtained using our pricing method (denoted by EI value) stay within the 95% confidence intervals of the associated MC simulation estimates (denoted by MC value). This demonstrates that our pricing method is also accurate for pricing corridor options with double barriers. In addition, similarly as in the case of corridor options with single barriers, we can also calculate deltas for corridor options with double barriers numerically. Numerical results are also given in Table D .1, which also indicate the effectiveness of our numerical method.
